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 Growth Cycles

 By GEORGE W. EVANS, SEPPO HONKAPOHJA, AND PAUL RO:MER*

 We construct a rational expectations model in which the economy switches sto-
 chastically between periods of low and high growth. When agents expect growth
 to be slow, the returns on investment are low and little investment takes place.
 But if agents expect fast growth, investment is high, returns are high, and growth
 is rapid. This expectational indeterminacy is induced by monopolistic competition
 and complementarity between different types of capital goods. Neither external-
 ities nor increasing returns to scale are required. The equilibrium with growth
 cycles is stable under the dynamics implied by a simple learning rule. (JEL
 E32, 041)

 One of the oldest conjectures in economics
 holds that self-fulfilling shifts in optimism or
 confidence can destabilize aggregate eco-
 nomic activity. Aggregate investment, which
 is notoriously volatile, has long been sus-
 pected of being susceptible to these fluctua-
 tions. In this paper, we construct an explicit
 model that exhibits this kind of expectational
 indeterminacy in investment. In a rational ex-
 pectations equilibrium, changes in expecta-
 tions cause the economy to cycle back and
 forth between periods with high levels of in-
 vestment and rapid GDP growth and periods
 with low levels of investment and slow GDP
 growth.

 The crucial assumption in our model is that
 different types of capital goods are comple-
 ments. They are like personal computers, laser
 printers, and digital communication networks.
 If you are a producer, an increase in the num-

 ber of complementary goods raises the de-
 mand for your good. If you are already in
 business, you expand output. If you are a po-
 tential producer who is not yet in business,
 now may be the time to enter. By increasing
 your output, you raise the demand for the com-
 plementary goods. We embed this self-
 reinforcing process in a standard model of
 monopolistic competition that characterizes
 the entry process for firms supplying new
 goods. Together, complementarity and mo-
 nopolistic competition are all we need to gen-
 erate expectational indeterminacy.

 Other models have shown that multiple
 equilibria and expectational indeterminacy are
 possible in principle. (We review these models
 in Section III.) However, some of these mod-
 els rely on assumptions that are implausible or
 address issues that are not central to macro-
 economics. In what follows, we develop a
 model that is based on familiar and empirically
 plausible microfoundations. We do not rely on
 controversial assumptions. For example, no
 production relationship exhibits short-run in-
 creasing returns to scale, or equivalently, fall-
 ing short-run marginal costs of production.'
 The only nonconvexity in the model is a fixed
 research and development cost that a firm must
 incur to introduce a new good.

 * Evans: Department of Economics, University of
 Oregon, Eugene, OR 97403; Honkapohja: Department of
 Economics, University of Helsinki, FIN-00014, Helsinki,
 Finland; Romer: Graduate School of Business, Stanford
 University, Stanford, CA 94305. The authors are grateful
 for comments received in numerous seminars, workshops,
 and conferences. We received detailed comments from
 Paul Beaudry, Larry Christiano, Tim Cogley, Peter
 Howitt, and David Romer. We benefitted from support
 provided by the National Science Foundation, the program
 on Economic Growth of the Canadian Institute for Ad-
 vanced Research, the SPES program of the European
 Union, and the Yrjc Jahnsson Foundation and the Acad-
 emy of Finland, which gave grants to the Research Unit
 on Economic Structures and Growth in Helsinki.

 'Susanto Basu and John G. Femald (1997) provide
 evidence against short-run falling marginal costs. For a

 discussion of role of falling marginal costs in models with
 multiple equilibria, see Jess Benhabib and Roger Falmer
 (1994).
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 We eschew modeling assumptions that are
 problematic or distracting. For example, we
 avoid overlapping generations and assume that
 agents are infinitely lived. We specify the
 model entirely in real terms, so there is no fiat
 money. We assume that markets are complete,
 so agents can trade securities with payoffs that
 are contingent on the state of the economy at
 all dates. We do not assume that there are
 search-related externalities in the labor mar-
 ket. We do not allow for kinks in the demand
 curves that monopolists face.

 Our analysis also goes beyond the mere
 demonstration that a rational expectations
 equilibrium with growth cycles exists. We
 show that the equilibrium is locally stable un-
 der a natural learning rule. As a result, argu-
 ments about stability under learning that were
 used to dismiss some of the implausible mon-
 etary equilibria cannot be used to rule out the
 behavior we identify. Moreover, the equilib-
 rium is plausible in the sense that it makes only
 modest information processing demands on
 the agents who must form expectations.

 To highlight the fundamental elements in
 the model, we present it in stages. In Section
 I, we start by describing the underlying
 perfect-foresight growth model with multiple
 equilibria and introduce the concept of stabil-
 ity under learning. Then, in Section II, we out-
 line the full rational expectations model with
 stochastic shifts between the high- and low-
 growth states identified in Section I. A discus-
 sion of related literature is set forth in Section
 III; Section IV concludes.

 I. The Perfect-Foresight Growth Model

 A. Modeling Strategy

 We cannot characterize the equilibrium in
 this model as the solution to a maximization
 problem. Nor can we linearize the model
 around a single steady state. Instead, we sim-
 plify the model so that the equilibrium can be
 characterized in terms of a small number of
 equations. The two most important simplify-
 ing assumptions are that the economy has a
 single state variable and that the preferences
 and technology are homogeneous. Together,
 these imply that at every date, the opportuni-
 ties in the economy are the same except for a

 scale factor determined by the state variable.
 This reduces the problem of calculating an in-
 finite path for dated consumption goods and
 stocks of capital to the simpler, finite dimen-
 sional problem of calculating the constant pro-
 portional amount by which consumption and
 the state variable grow.

 Our preference structure is standard. We as-
 sume that there is a representative consumer who
 maximizes the discounted expression for utility,

 I let+ U(C,+ ,), where U(C) =
 i==O

 This utility function gives us the homogeneity
 we need on the preference side of the model.
 A consumer who is faced with a constant in-
 terest rate r, will choose to have consumption
 grow at the constant rate gc given by

 (1) gc = = [,3(1 + r)]"?.
 %-t

 When we introduce uncertaity later in the paper,
 the consumer will maximize expected utility.

 We will characterize our equilibria in terms
 of two equations in two endogenous variables:
 the interest rate and the rate of growth. Equa-
 tion (1) gives us one of the two equations. The
 second comes from an arbitrage condition
 from the technology side of the model. Be-
 cause our technology is complicated, we pro-
 ceed in steps, illustrating the relationships
 between r and g that emerge in simpler models
 and working up to the relationship for the full
 model.

 B. Linear Production

 The simplest production structure is one in
 which output is linear in the stock of capital
 and in which there is a one-for-one trade-off
 between new capital and consumption:

 (2) Y =BKt,

 (3) Kt I Kt=Yt-Ct.

 This is an example of what is now called an
 "AK" or linear growth model. (We use
 the symbol "B" instead of "A" to avoid
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 r

 Preferences

 Technology,
 one sector

 Technology,
 two sector

 1 ~~~~9

 FIGURE 1. PERFECT-FORESIGHT EQUILIBRIA UNDER TwO
 DIFFERENT TECHNOLOGIES

 confusion with our subsequent use of the sym-
 bol A.) The correct interpretation of the ac-
 cumulation equation (3) is that consumption
 goods and capital goods are produced in dif-
 ferent sectors that use the same production
 technology. In this case, the production pos-
 sibility frontier (PPF) between additions to the
 capital stock and units of consumption goods
 is linear. The model can therefore be treated
 as if it has a single productive sector. By a
 suitable choice of units, the trade-off between
 capital and consumption goods can be taken
 to be one for one.

 The behavior of this trivial model can be
 characterized by a graph that plots the equilib-
 rium interest rate as a function of the equilib-
 rium growth rate as in Figure 1. Equation (1)
 gives the upward-sloping curve labeled as the
 preference curve. The horizontal line r = B,
 which is labeled "technology, one sector" is
 determined by arbitrage on the production side
 of the model. Because of the homogeneity of
 the model, the values for r and g from the in-
 tersection of the technology and preferences
 curves determine everything about the equilib-
 rium starting from any initial stock of capital
 Ko.

 Figure 1 also presents a second technology
 curve that is downward sloping. It charac-
 terizes the no-arbitrage condition when the
 production functions for consumption and
 capital goods are different. In this case, the
 production possibility frontier between ad-
 ditions to the stock of capital and con-
 sumption is nonlinear. We could assume a
 functional form for production in each sector
 and derive the expression for the production

 possibility frontier. Instead, we take a short-
 cut by assuming a simple functional form for
 the production possibility frontier itself. Let

 Y, denote the maximum feasible amount of
 consumption goods that can be produced.
 Then output of consumption goods can be
 related to increases in the capital stock as
 follows:

 (4 ) Ct -Yt-KtX (Kt +I - Kt)

 In this expression, X( ) can be any increas-
 ing, convex cost function with X(O) = 0. This
 specification imposes the homogeneity of de-
 gree one in the state variable K that we need
 on the production side of the model. It reduces

 to equation (3) if X is the identity function.
 The price of capital goods in units of con-
 sumption goods will be the derivative of con-
 sumption with respect to the stock of capital

 tomonrow. We will write this as X'(9K - 1),
 where gK= Kt + Il/Kt. One unit of consumption
 can now be invested to yield r units of addi-
 tional consumption goods in each period.
 Alternatively, it can be used to purchase

 X' (gK - 1) -' units of capital, which will
 yield a flow of B units of consumption goods
 in each period. Thus, a no-arbitrage condi-
 tion on the technology side of the model im-
 poses the equality r = BIX'(gK - 1).
 Because X( ) is convex, this expression
 yields the downward-sloping curve labeled
 "technology, two sector" in Figure 1.

 Two features of this kind of model make
 this simple diagrammatic characterization of
 equilibria possible for both of these models.
 First, the accumulation equation for capital,
 (3) or (4), implies that if capital, output, and
 consumption grow at constant multiplicative
 rates, this rate must be the same for all three
 variables. The equilibrium can therefore be
 characterized using a common growth rate

 g = C= gK- Second, because of the ho-
 mogeneity of the specifications for prefer-
 ences and the technology, the curves in the
 figure do not depend on the level of the state
 variable K. These two features will carry
 over to elaborations of this basic structure
 that we develop next. These extensions will
 allow for fixed costs of invention and com-
 plementarity between types of capital goods.
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 C. Many Capital Goods

 To bring invention into the analysis, we start
 with a model of growth taken from Romer
 (1987). This model allows for the introduc-

 tion of new types of capital goods, but its
 equilibrium behavior closely resembles the be-
 havior of the one-sector model described
 above. Output of consumption goods is a func-
 tion of labor (assumed in fixed supply) and
 the quantities of a large number of specialized
 capital goods:

 rA

 (5) F(L,x(-)) =Llf- x(i) di.

 Here x(i) denotes the number of units of cap-
 ital of type i that are in use. The upper limit A
 (assumed continuous for convenience) indi-
 cates the range of capital goods that have al-
 ready been designed and can therefore be
 produced.

 In addition to the production of final out-
 put, there are two other productive activities -
 inventing new types of capital goods and
 producing physical machines for each of the
 many existing types of capital goods. By anal-
 ogy with the one-sector model described
 above, we can assume that the same produc-
 tion technology described by the functional
 F( ) can be used in all productive activities:
 (i) making consumption goods; (ii) making
 designs for new types of machines; and (iii)
 making physical machines for types that have
 already been designed. Consequently, the
 trade-off between the different types of out-
 put is linear. We can therefore write an
 expression for total output (or the maximum fea-
 sible output of consumption goods) as Y, =
 F(L, x(-)). Assume that it takes one unit of
 forgone consumption to make each additional
 unit of any machine and that it takes a units of
 forgone consumption to produce a design for
 a new type of machine. Ignoring depreciation
 for the moment, total output is split according
 to

 t= Ct + a(At+ - At) + Kt+ I-Kt,

 where Kt is defined as the total stock of ma-
 chines measured in units of the cost of pro-
 duction for these machines:

 rA,

 Kt xt(i) di.

 These two equations capture both the fixed
 cost necessary before a new good can be in-
 troduced and the constanit marginal cost faced
 by a firm that supplies such a good after it has
 been introduced.

 The market structure in this model is mo-
 nopolistically competitive. Any firm that de-
 signs a new machine gets a patent on the
 design. It produces machines and charges the
 simple monopoly price for these machines. In
 equilibrium, the interest rate r adjusts so that
 the present discounted value of the resulting
 monopoly profits is just equal to the cost a of
 inventing a new type of machine. The zero
 profit condition in this equilibrium implies that
 at every date, the ratio of At to K, is constant
 so we can work with a single aggregate state
 variable Z, = aAt + Kt that summarizes the
 effects of all previous investment decisions.
 The accumulation equation can then be written

 as Yt = Ct + Zt+ I - Zt.
 In this model, the reduced-f-orm expression for

 output Y is linear in Z. As a result, the intertem-
 poral zero profit condition is satisfied at a unique
 value of the interest rate r. This value of r is
 independent of the state variable Zt. (See Romer,
 1987, for details.) As a result, the analysis of
 growth is exactly as depicted in the single-sector
 version of the technology in Figure 1. The pro-
 duction technology determines a unique interest
 rate. The preference specification then yields the
 rate of growth for the economy.

 D. Capital Goods That Are Complements

 As the introduction makes clear, our main in-
 terest lies in capital goods that are complements
 with each other. To see how we can bring this
 into the model, note that equation (5) uses a
 constant-elasticity-of-substitution aggregator to
 summarize the effect on output of all the differ-
 ent types of capital goods. In (5) production is
 additively separable in different capital goods.
 To make them complements or substitutes, one
 need only introduce an additional exponent on
 the capital aggregate:

 / At \
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 Throughout the paper, we impose the restric-
 tion y4 = a to preserve homogeneity of de-
 gree 1. For values of 4 greater than 1, the

 different capital goods x,(i) will be comple-
 ments; an increase in the quantity of one raises
 the marginal product of the other.

 In the additively separable model outlined
 above, it took a constant amount of forgone
 consumption to produce each design for a new
 type of capital good. If the capital goods are
 complements, this specification for the tech-
 nology for producing designs would lead to
 explosive growth. Later designs would be
 more valuable because there are more comple-
 ments around that raise the value of a new cap-
 ital good. One simple way to offset the
 increasing incentives for discovering new
 goods is to assume that there is also a higher
 cost for designing goods with a higher index.
 Specifically, we will assume that it takes it
 units of forgone output to produce a design for
 good i. In equilibrium, the incentives for dis-
 covering new goods will just offset the costs
 of discovery if the following parameter restric-
 tion holds:

 (6) Ek
 a1-

 If this restriction does not hold, the model
 may still be well behaved, but will exhibit
 rates of growth that are locally increasing or
 decreasing over time. This would make it
 impossible to solve for a single, constant
 growth rate as we did in Figure 1 for the
 linear production model. To keep things sim-
 ple, we impose the restriction (6) and look
 for equilibria exhibiting constant exponen-
 tial growth.

 In the extended model with complements,
 we can still write the accumulation equation
 for the single state variable as

 Yt = Ct + z+ - Zt

 The only difference arises in the slightly
 more complicated relationship between the
 stock of total capital Z and the other state
 variables. At date t, the expression for total
 capital Z is

 Technology with
 r A i complements

 rH...........--............- Preferences
 T(r, ) ..................

 T(r.)
 rL --

 g

 FIGURE 2. PERFECT-FORESIGHT EQUILIBRIA WITH
 COMPLEMENTARY INPUTS

 rAt rAt

 (7) zt = xt(i) di + i~ di

 K At

 = Kt + it di.

 The first term, Kt, represents cumulative total
 investment in machines. (We will introduce
 depreciation later.) The second term describes
 cumulative total investment in the production
 of new designs.

 The analysis of the perfect-foresight, mo-
 nopolistically competitive equilibrium for this
 model proceeds exactly as it did in the model
 where the capital goods have additively sepa-
 rable effects on production. (Details are given
 in the Appendix.) The fundamental arbitrage
 result is derived from the intertemporal zero
 profit condition on investments in new de-
 signs. The key result that emerges from this
 analysis is that the no-arbitrage or zero profit
 relationship implied by the technology yields
 an upward-sloping locus of (r, g) pairs as il-
 lustrated in Figure 2. In this case, the growth
 rate g refers to the common growth rate for Yt,
 Ct, and Zt. Because designs are getting more
 costly, gA is smaller than g. In fact, one can
 show that g = g$+'. Because the preference
 relationship is also upward sloping, these
 curves may intersect more than once. For ap-
 propriate parameter values, they intersect
 twice, as illustrated in Figure 2. This means
 that the model has two distinct perfect-
 foresight equilibria. For any given initial value
 of Zt, there is one perfect-foresight equilibrium
 in which the values for Yt, Ct, and Zt all grow
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 500 THE AMERICAN ECONOMIC REVIEW JUNE 1998

 at the high rate determined by the upper inter-
 section. There is also a second perfect-
 foresight equilibrium in which they grow at
 the low rate determined by the lower intersec-
 tion of the two curves.

 The positive slope of the technology locus
 is fundamental to all of the results that follow.
 The intuition behind this slope is easy to un-
 derstand. Because of the complementarity be-
 tween the different capital goods, a firm that
 invents a new type of good today will face a
 demand for its good that increases with the
 quantities and varieties of other investment
 goods that will be introduced tomorrow. Start
 at an interest rate and a growth rate that yield
 zero intertemporal profit and increase the
 growth rate for the economy. At a faster rate
 of growth for other goods, the present dis-
 counted value of the stream of future profits
 for a new invention will be higher. Competi-
 tion for resources by potential new entrants
 will therefore drive up the interest rate until
 the present discounted value of the future prof-
 its is driven back down to the cost of inventing
 a new good.

 E. Stability Under Learning

 The relatively simple model characterized
 in Figure 2 is the basis for a model of mac-
 roeconomic fluctuations in which changes in
 expectations cause the economy to switch
 between the high- and low-growth states.
 However, it leaves two important issues un-
 resolved. First, we must let agents take account
 of the possibility of such switches when they
 form their expectations. We will deal explic-
 itly with this issue in Section II.

 The second issue suggested by Figure 2 is
 stability. Whenever we see two equilibria in
 an economic model, we have come to expect
 that one of them will be stable and that the
 other will be unstable. The goal in this section
 is to identify the precise sense in which one
 can speak of an equilibrium point as being sta-
 ble or unstable. Then in subsection F of this
 section, we will modify the model so that it
 has three perfect-foresight equilibria, two on
 the ends that are stable and one in the middle
 that is unstable.

 It does not make sense to think of these
 equilibria as being stable or unstable in the

 usual sense-that from a large class of initial
 values for the state variable the equilibrium
 dynamics take the economy away from some
 steady-state points and toward others. The
 standard analysis does not apply to our model
 because it has a single state variable Z and the
 dynamic equations that determine the growth
 rate do not depend on the level of Z. For any
 initial value of Z, the economy can select ei-
 ther of the perfect-foresight paths character-
 ized by the intersections in the Figure 2.

 We can, however, inquire into the stability
 properties of the equilibria by going outside
 of the perfect-foresight model and asking
 what the dynamics would be if agents had to
 learn about the equilibrium values of vari-
 ables by observing the behavior of the econ-
 omy. If plausible learning dynamics lead the
 agents away from some perfect-foresight
 equilibria and toward other equilibria, we can
 use this difference to distinguish between
 more- and less-plausible perfect-foresight
 equilibria. That is, we can use stability under
 the learming dynamics as a selection criterion
 when there are multiple perfect-foresight
 equilibria.

 To conduct the learning analysis in a model
 such as this, one must first extend the model
 to a temporary equilibrium framework. To do
 so, we use a simple scheme in which house-
 holds base their actions on an expected interest
 rate. Fortunately, this analysis can be carried
 out using the same curves that characterize the
 equilibrium in (r, g) space. Given an expected
 interest rate re, households choose their saving
 to generate the rate of growth of wealth and
 consumption implied by (1), the equation that
 determines the preference curve in Figure 2.
 Firms take this growth rate of consumption
 and the implied, and equal, growth rate of total
 capital Z as given and project it into the future.
 At this expected growth rate for the economy,
 there is a unique realized interest rate that is
 consistent with no-arbitrage on the technology
 side of the market. This is the value of r that
 is determined by inserting the given growth
 rate into the technology curve in the figure. If
 we take the composition of these two opera-
 tions, we have the following mapping from ex-
 pected interest rates to realized interest rates:

 (8) r = T(re).
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 By construction, the interest rates correspond-
 ing to perfect-foresight, balanced growth paths
 are fixed points of T.

 After consumers observe the realized rates,
 they adjust their expectations about future in-
 terest rates. For example, if the interest rate
 that consumers expected was lower than the
 interest rate that is realized, they will revise
 their forecasts of interest rates upward. Out of
 equilibrium, both firms and consumers make
 mistakes but the process will converge over
 time to the stable equilibrium if it starts from
 nearby values for r and g. As the economy
 converges, these mistakes become smaller. In
 the limit, the rules lead to correct forecasts by
 both firms and consumers at constant equilib-
 rium interest rates and growth rates.

 To generate an explicit dynamics for the in-
 terest rate, we use an adaptive learning
 scheme,

 (9) r e+1 = r e + 6t(rt-

 where 6t = 6/t. The sequence { 6t is known
 as the gain sequence. It determines the extent
 of the adjustment of expectations to forecast

 errors. A decreasing sequence 16t1 implies
 that consumers become less responsive to
 forecast errors as more data accumulates. For
 example, with 6t = l/t and appropriate initial
 values, equation (9) implies that r t+ I is equal
 to the average of past values of rt. Together,
 equation (9) and the mapping rt = T(r e) de-
 fine a dynamic system which can be analyzed
 in the vicinity of a fixed point. If we linearize
 this system around an equilibrium r, we can
 show that the fixed point is locally stable if
 T'(r) < 1.2

 The two equilibria in Figure 2 do indeed
 have different stability properties. The func-
 tion T is the composition of the two functions
 graphed in the figure. At points where they
 intersect, the size of T' relative to 1 is deter-

 mined by the relative slopes of the two curves.
 A simple geometrical argument shows that it
 is the lower equilibrium that is stable under
 learning. In Figure 2, r' denotes an expected
 interest rate that is below the interest rate in
 the low-growth perfect-foresight equilibrium
 and r e denotes an expected interest rate that
 is also below the interest rate in the high-
 growth equilibrium. As the figure shows, when
 the mapping T is applied to rL, it leads to a
 value T(re) that is above re, so adjustment
 moves the expected interest rate in the right
 direction. In contrast, when T is applied to
 rH, it leads to a value that is below rH, so the
 learning dynamics drives the economy away
 from the high-growth equilibrium.3

 If one accepts, as we do, the notion that any
 perfect-foresight equilibrium that is unstable
 under simple learning rules is unlikely to be
 realized in practice, one is forced to conclude
 that the kind of multiplicity exhibited in Fig-
 ures 2 is unlikely to have any practical rele-
 vance. To have a candidate for a model with
 multiple stable perfect-foresight equilibria, we
 will need a model that generates more inter-
 sections of the two curves in this figure.

 F. Multiple Stable Perfect-
 Foresight Equilibria

 Careful readers will no doubt have guessed
 where the argument is now headed. We
 showed in the analysis of Figure 1 that a two-
 sector structure that generates a standard, non-
 linear trade-off between the production of
 investment goods and consumption goods
 tends to make the technology curve slope
 down in (r, g) space. We have just shown that
 complementarity between different types of

 2This kind of learning rule is particularly appropriate
 in an extension of this model which allows for small sto-
 chastic shocks, but we do not introduce these shocks ex-
 plicitly into the analysis here. Because 6, goes to zero there
 is no risk of instability in the adjustment process for large
 negative values of T ' (r). For a discussion of these kinds
 of learning algorithms, see Evans and Honkapohja
 (1995a,b).

 3 Note that there are alternative ways of formulating the
 temporary equilibrium and corresponding learning rules.
 For example, we could start with firms that have an ex-
 pected growth rate g' for the economy. The arbitrage con-
 dition on the technology side of the model will lead to an
 interest rate r. Given this interest rate, consumers would
 use the preference curve to decide how much to save.
 Firms would then adjust their expected growth rates when
 they see the realized rate of growth implied by these sav-
 ings decisions. It can be easily verified that a steady state
 is stable under (8) and (9) if and only if it is stable under
 this alternative scheme.
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 r

 Preferences

 Technology

 9

 FIGURE 3. PERFECT-FORESIGHT EQUILIBRIA WITH

 COMPLEMENTS AND A TwO-SECTOR TECHNOLOGY

 capital goods tends to make the technology
 curve slope up. If we combine these two ele-
 ments in the same model, we should be able
 to make the curve have increasing and de-
 creasing segments, so it can intersect the pref-
 erence curve arbitrarily often.

 Specifically, we now adopt the specification

 for the production possibility frontier between
 consumption and investment that we used pre-
 viously. Thus, the accumulation equation for
 Z takes the form

 (10) ct = yt-ztx(Zt+ I Zt Dt)

 As in the previous specification, X(*) is a con-
 vex cost function. In this final expression for
 the model, we have also included a term Dt
 that takes account of any depreciation of the
 physical capital stock. As in the previous
 model with complements, the total stock of Z
 is related to the stock of designs and machines
 by equation (7).

 This specification implies that the same pro-
 duction function can be used to produce ma-
 chines and inventions. More precisely, it can
 be used to produce the raw input that is used
 to make the inventions. (Recall that it takes
 more input to produce an invention with a
 higher index.) This specification lets us aggre-
 gate A and K into a single state variable Z,
 which substantially simplifies the analysis.
 Equation (10) implies that this common pro-
 duction function for the durable inputs is dif-
 ferent from the production function for making
 consumption goods. Finally, we assume that
 physical machines depreciate at the exponen-

 TABLE 1-STABLE PERFECT-FORESIGHT EQuILIBRIA

 Growth rate g Interest rate r Price of capital pZ

 1.002 0.04 1.1
 1.049 0.05 2.5

 tial rate d but that design blueprints do not de-

 preciate, so D, can be expressed as D, = dK,.
 In all other respects, the model is the same as
 the previous model with complementarities.

 Figure 3 illustrates one type of simple equi-
 librium that we have generated using this
 combined structure. The downward-sloping
 portions of the technology curve represent
 points where the curvature in the production
 possibility frontier between consumption
 goods and investment goods is high so its ef-
 fects overwhelm the effects of complementar-
 ity. The upward-sloping portions of the
 technology curve represent regions where the
 production possibility frontier is relatively flat,
 so the effects of complementarity dominate.
 By the analysis of subsection E of this section,
 the middle equilibrium will be unstable under
 learning. The low- and high-growth equilibria
 will be stable under learning.

 Table 1 reports values of the growth rate and
 the interest rate in the high- and low-growth
 equilibria in the basic parameterization of the
 model. (Numerical values for the parameters
 are given in the Appendix, subsection A.) By
 construction, the interest rates in these two
 equilibria were arbitrarily set at 4 percent and
 5 percent, respectively. The corresponding net
 growth rates for Z, C, and Y are 0.2 percent
 per year and 4.9 percent per year. The table
 also reports the values for p Z, the price of the
 investment goods relative to consumption
 goods. In the high-growth state, where a larger
 fraction of GDP is devoted to investment, in-
 vestment goods are more expensive to produce
 on the margin, so their prices are higher. Even
 though investment goods are more expensive
 in the high-growth state, a higher level of in-
 vestment can be sustained because of the pos-
 itive reinforcing effects that result from the
 complementarities between the different types
 of investment goods.

 Figure 4 illustrates the nature of the implied
 production possibility frontier between Zt+ I

This content downloaded from 134.181.173.175 on Mon, 11 Feb 2019 21:05:47 UTC
All use subject to https://about.jstor.org/terms



 VOL. 88 NO. 3 EVANS ET AL.: GROWTH CYCLES 503

 zt+1

 Ct

 FIGURE 4. PRODUCTION POSSIBILITY FRONTIER BETWEEN
 CONSUMPTION AND NEXT PERIOD'S STOCK

 OF TOTAL CAPITAL

 and C, for a given level of Zt. The two regions
 of sharp curvature correspond to the two
 downward-sloping regions of the technology
 curve in Figure 3. This picture also makes it
 clear that we are not relying on any assump-
 tions about short-run increasing returns in the
 production of new investment goods. As noted
 in the introduction, some models generate
 multiple growth rates by introducing short-run
 increasing returns that make investment goods
 cheaper when a larger fraction of total output
 is devoted to investment. We generate multiple
 growth rates despite the fact that investment
 goods are more expensive when investment is
 higher and growth is more rapid. We reiterate
 that the only nonconvexity in the model is the
 fixed cost associated with invention.

 II. Growth with Expectational Indeterniinacy

 A. Equilibrium Fluctuations

 Using the building blocks of the perfect-
 foresight analysis we now construct a com-
 plete model of fluctuations between high- and
 low-growth states. In an equilibrium with fluc-
 tuations, consumers and firms must take ac-
 count of these switches. Formally, we can do

 this by introducing a random variable s, that
 matters only because agents use it to forecast
 the behavior of the economy. This kind of
 "extrinsic uncertainty" is susceptible to vari-
 ous interpretations. For a discussion, see for
 example the chapter on "Market Psychology"

 in Costas Azariadis (1993). We assume that

 s, has no direct effect on preferences, technol-
 ogy, oI- government policy, but in an extension
 of the model, it could have a small direct effect
 as well as a larger indirect effect: acting
 through expectations.

 In the "high" state for st, firms and house-
 holds (correctly) anticipate higher investment
 and more rapid growth during the coming pe-
 riod. However, they also take full account of
 the probability of a switch to the low-growth

 state in future periods. Formally, we let s, take
 values from { 1, 2 } and assume that it follows
 a two-state Markov chain with transition prob-

 abilities 0 < flij < 1 for i, j = 1, 2. These
 transition probabilities are exogenously given
 parameters.

 Formally, all of the traditional elements in
 the specification of our model-the prefer-
 ences and the technology--remain the same
 after we introduce s. All that changes is that,
 in our calculation of an equiilibrium, we look
 for solutions to the equations generated by the
 model in a larger solution space in which con-
 sumers and firms can make decisions that are
 contingent on the random variable s. The
 perfect-foresight equilibria we have already
 calculated remain equilibria in which consum-
 ers and firms make the same choices for the
 two different values of s. If we find that there
 are other equilibria in which output and prices
 vary with the realization of s, we will say that
 the equilibrium exhibits expectational indeter-
 minacy. This, we think, is a more suggestive
 description of the behavior in question
 than the conventional label of a "sunspot
 equilibrium."

 The timing of the realization of s and of de-
 cisions is as follows. In period t - 1, total po-
 tential output is realized. Consumers make
 decisions about how much to consume
 and how much to save. Given the net-of-

 depreciation stocks of machines (1 -- d)Kt - 1
 and designs At -1, their decisions about how
 much to save will determine the total stock of

 capital Zt that will be carried over into period
 t. At the beginning of period t, the value of st
 is realized. Firms then make their decisions
 about production contingent on the observed
 value of s. In particular, they decide how to
 split the new investment between additions to
 K and increases in A. (In the equilibria we
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 TABLE 2-GROWTH CYCLE WITH 5-PERCENT PROBABILITY OF SWITCHING STATES

 Growth rate: Interest rate: Price of Consumption/Output:

 State s, gz(s) r(s) capital: pZ(s) C/Y(s)

 s = low 1.0083 0.0383 1.435 0.978

 s = high 1.0437 0.0518 1.565 0.881

 consider, firms will always want to add posi-
 tive amounts to the stocks of both A and K.)
 When s signals fast growth, firms will allocate
 more of their investment to increases in A be-
 cause a design is more valuable when the
 economy is growing rapidly. Given these de-
 cisions by firms, total output will be realized
 at the end of period t. Consumers observe the

 state s, and decide how much to consume and
 how much to save. In the high-growth and
 high-interest-rate state, they will save more
 and consume less. (This positive response of
 savings to increases in the interest rate follows
 from our assumption that the parameter a in

 the utility function is less than one.) Thus, Z
 will tend to increase by a larger factor during
 high-growth states. Undepreciated capital and
 the saving decision of households then deter-

 mine the quantity of capital Z, +I which is car-
 ried into t + 1 and must once again be divided
 between increases in K and A.

 This is the minimal extension of our perfect-
 foresight framework in which we can consider
 the possibility of expectational indeterminacy,
 but it nevertheless introduces a substantial de-
 gree of additional complexity. In particular,
 the variable st introduces a second state vari-
 able into the analysis, and the system can no
 longer be reduced in any meaningful way to a
 two-equation, two-variable graphical analysis.
 (The equations for this system are given in the
 Appendix.)

 One way to study the behavior of a system
 of equations is to look for numerical solutions.
 We present one such solution based on the
 same parameter values that we used in calcu-
 lating the two stable perfect-foresight equilib-
 ria in Section I. The only difference here
 is that we allow for a 5-percent probability
 that between any two periods, the economy
 switches from the high-growth to the low-
 growth state or vice versa, i.e., Hl1 = H['22 -

 0.95. Table 2 provides the description of such
 a growth cycle that we calculated numerically.

 In this equilibrium with expectational in-
 determinacy, K and A always grow between
 periods t and t + 1, regardless of the values

 taken on by st and st+ I . This means that we
 do not have to consider the issues that would
 arise if firms wanted to disinvest, convert K
 into A, or convert A into K.4 In the two states,
 the consumption-income ratio CIY varies as
 one would expect, given our assumption that
 saving responds positively to increases in re-
 turns. On the firmn side, investment behavior
 would be dominated by firm perceptions about
 the state of aggregate demand and the rate of
 growth in the near term. Investment by any
 individual firm would go up when interest
 rates are higher and growth is more rapid. Fi-
 nally, note the relatively small amount of vari-
 ation in the price of capital goods pZ compared
 to the markedly different values that it takes
 on in the two different perfect-foresight equi-
 libria. This reflects the changes in behavior
 that forward-looking agents make when they
 anticipate future transitions between high- and
 low-growth states.

 B. Existence of Stable Growth Cycles

 It is no accident that the growth cycle that
 we calculated numerically generates growth
 and interest rates that are close to the values
 that arise in the two perfect-foresight equilib-
 ria we constructed in Section I. The underlying
 reason is that a pair of perfect-foresight equi-
 libria can also be thought of as an equilibrium
 in which decisions depend on the realization

 4 Formally, our computed equilibrium would not be af-

 fected by adding the restrictions A, +I 2 A, and K, +, 2
 (1 - d)Kt.
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 of s but in which the transition probabilities
 between the two states are zero. Because the
 system of equations depends smoothly on the
 transition probabilities, the implicit function
 theorem tells us that for transition probabilities
 near zero, the behavior of the economy in the
 high- or low-growth state will be close to the
 behavior of the economy in the corresponding
 perfect-foresight equilibrium. Moreover, if
 the individual perfect-foresight equilibria are
 stable under learning, then the full equilib-
 rium with expectational indeterminacy that
 switches between states that are near these
 equilibria will also be stable under learning.

 It is easiest to state the existence result and the
 convergence result at the same time. To do so,
 we must first describe what the learning dynamic
 is in our full equilibrium with expectational in-
 determinacy. For the case of perfect foresight,
 we formulated a model of learning based on a
 single variable, the expected interest rate. We
 must now extend this approach to the full model

 in which variables can depend on s,.
 The equations that determine the full equi-

 librium can be interpreted as a mapping that

 takes a pair of expected interest rates (r'l,
 r ) to a pair of realized interest rates ( r1, r2):

 (11) (r1, r2) = T(re, re).

 (The equations themselves are presented in the
 Appendix.) The equilibrium with expecta-
 tional indeterminacy is a fixed point of this
 mapping with values r1 * r2. Because it is a
 fixed point, expectations are correct. As above,
 households make savings decisions on the as-
 sumption that interest rates r e and r e will pre-
 vail in the two states and producers expect
 consumers to persist with the savings behavior
 this induces. Then the production side of the

 market will clear at the interest rates r, and r2
 in the two different states. That is, r1 and r2
 will be consistent with zero expected profit for
 an entrant into the invention of new goods. In
 the hypothetical dynamic determined by the
 learning process, the time t realized interest

 rate r, would be given by

 (12) r, = Ti (r e', , r e) if s, = i,

 for i = 1, 2,

 where Ti denotes the ith component; of the
 mapping T.

 We adopt the following simple state-
 contingent adaptive learning scheme. In state
 s, agents will compare the interest rate they
 expected to obtain in this state with the interest
 rate that actually obtains. They will then adjust
 their expectation of interest rates in this state
 in the direction of the realized interest rate. As
 before, the amount of the adjustment depends
 on the amount of data that they have already
 collected:

 (13) r~,,+?I = r~ ? --r 1 (13) ret+l-rt + N (t (rt - K,t),
 N, (t)

 if s, = i, and

 r,t+i = r,t ifs t i.
 In this expression, Ni (t) represents the number
 of times the variable st has taken value i up
 until time t. Equations (12) and (13) define a
 dynamic system in the two variables r', r',
 driven by the exogenous stochastic variable st.

 An equilibrium growth cycle, i.e., a rational
 expectations equilibrium with expectational
 indeterminacy, is a fixed point (rl, r2) of (11)
 in which r1 * r2. When we want to be explicit,
 we can express these equilibrium interest rates
 as functions of the underlying transition prob-
 abilities, r1 (HI) and r2( H). With this notation,
 we can describe conditions under which a non-
 degenerate growth cycle exists and which has
 the property that for nearby initial conditions,
 the sequences of state-dependent interest rates
 generated by the learning dynamics converge
 to the state-dependent interest rates that obtain
 in equilibrium.

 PROPOSITION 1: Suppose that the model
 outlined in Section I has multiple distinct,
 perfect-foresight, balanced growth equilibria.
 Let the mapping Tbe as defined in that section,
 so that the interest rates corresponding to two
 of these equilibria satisfy rL = T( rL) and rH =
 T(rH). Assume without loss of generality that
 rL < rH. Suppose that these two values both
 satisfy the perfect-foresight stability criterion,
 T'(rL) < l and T'(rH) < 1. Then there exists
 a neighborhood of the 2 x 2 identity matrix I
 with the property that for any transition
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 probability matrix H in this neighborhood,

 there is an equilibrium growth cycle (r, (H),
 r2 (H)) near (rL, rH) which is locally stable
 under the learning dynamics (12) and (13).

 The proof of the proposition, together with
 a precise statement of the phrase "locally sta-
 ble under learning," is given in the Appendix.

 Finally, we note that we have verified di-
 rectly that the numerical example presented in
 the last section is locally stable in the natural
 sense. In fact, we used a version of this method
 to calculate the equilibrium growth cycle
 itself.

 III. Discussion of Related Literature

 Models with multiple equilibria are poten-
 tially of interest for understanding both
 macroeconomic fluctuations and economic de-
 velopment.5 Our focus here is only on the first
 of these issues. There are many strands in the
 literature on aggregate models with some form
 of indeterminacy or multiplicity of equilibria.
 We now review how the model of this paper
 fits into this extensive literature.

 Some of the first models of multiple equi-
 libria in macroeconomics were derived from
 the analysis of fiat money in William A. Brock
 (1975). Subsequently, Guillermo A. Calvo
 (1978) and David Cass and Karl Shell (1983)
 allowed for overlapping generations of agents.
 Peter Diamond (1982) introduced search
 externalities in the labor market. Michael
 Woodford (1991) exploited kinked demand
 curves that could arise under imperfect com-
 petition. As macroeconomists, we believe that
 the mechanisms identified in these papers are
 not central for generating expectational inde-
 terminacy in real economies. However, as eco-
 nomic theorists, we have been able to take
 advantage of the insights that have developed
 in the exploration of these models. To cite just
 one example, our analysis of stability under

 learning builds on results developed by Peter
 Howitt and R. Preston McAfee (1992) in the
 context of a model with search externalities in
 the labor market.

 In the more recent literature, one strand
 (surveyed in Roger Guesnerie and Woodford,
 1992) focuses on the possibility of endoge-
 nous fluctuations in dynamic economies pop-
 ulated with overlapping generations of agents.
 Another strand has stressed complementarities
 in the decision-making of different agents that
 arise from externalities or imperfect competi-
 tion. These complementarities can lead to
 multiple equilibria, sometimes even to a con-
 tinuum of equilibria. Recent surveys include
 Joaquim Silvestre (1993) and Matsuyama
 (1995). Many of these models do not, how-
 ever, explicitly construct rational expectations
 models with endogenous fluctuations arising
 from expectational indeterminacy. Some of
 this work was motivated by macroeconomic
 fluctuations, but a large and growing fraction
 of these models arises from the analysis of
 long-run growth. We will return to a discus-
 sion of the growth models below.

 Our model is descended from two lines of
 work. One, illustrated by Andrei Shleifer
 ( 1986), shows how aggregate fluctuations can
 arise in a model where innovation is motivated
 by monopoly rents. The second line, devel-
 oped by John Bryant (1983), emphasizes the
 importance of complementarity between inter-
 mediate inputs in production.6 Recent work on
 complementarities and imperfect competition
 has used models with unique equilibria with
 large multipliers, e.g., Satyajit Chatteree and
 Cooper (1993), or models with expectational
 indeterminacy, e.g., Chatterjee et al. (1993).
 The formal methods used in these papers are
 different, but the substantive economic as-
 sumptions are qualitatively the same. We have
 chosen the second approach because it locates
 the source for economic fluctuations squarely
 on expectations.

 The unexpected discovery that growth mod-
 els sometimes exhibit various forms of inde-
 terminacy or multiplicity of equilibria lent new

 ' See Alwyn Young ( 1993) and the survey by Kiminori
 Matsuyama (1995) for a discussion of the relevance of

 models with multiple equilibria and multiple steady states
 to the development experience. Benhabib and Jordi Galf
 (1995) also use these kinds of models to characterize the
 behavior of different developing countries.

 6 See also Russell W. Cooper and Andrew John ( 1988)
 for an influential and clear discussion of complementarity
 in macroeconomic models.
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 impetus to work on these issues.7 These papers
 generate the underlying multiplicity of equi-
 libria by demonstrating the existence of a
 continuum of perfect-foresight equilibria con-
 verging to a single steady state or of sunspot
 solutions in a neighborhood of this steady
 state. This, for example, is the main thrust
 of Benhabib et al. (1994) that uses a model
 very similar to ours. In general, this literature
 relies on local linearizations, whereas our
 analysis depends fundamentally on global
 nonlinearities.

 Models with a continuum of equilibria ap-
 proaching a single steady state can offer a
 novel strategy for justifying the stickiness of
 prices and the power of monetary policy.
 (See Farmer, 1991; Paul Beaudry and
 Michael Devereux, 1993, for models of this
 type.) However, a potential difficulty with
 solutions in the neighborhood of an indeter-
 minate steady state is that they may not be
 robust under learning. For example, in the
 simplest model in this genre (the overlap-
 ping generations model with money) Robert
 E. Lucas, Jr. (1986) found that adaptive
 learning schemes selected the determinate
 rather than the indeterminate steady state.
 Evans and Honkapohja (1994) confirm this
 lack of robustness for a somewhat more gen-
 eral class of models.

 Another type of indeterminacy in growth
 models, described in the survey by Benhabib
 and Gali (1995), results from the presence of

 a finite number of distinct steady states.8 For
 some initial values of the state variables in
 these models, there may be a finite numnber of
 discrete equilibrium paths, each of which leads
 to a distinct steady state. These inodels have
 steady states in levels of per capita income
 with no growth or in which all steady states
 exhibit growth at the same rate.

 Our approach is similar in the sense that we
 start from an underlying model with a finite
 number of distinct equilibria rather than a con-
 tinuum of equilibria. However, in our case,
 these distinct equilibria have different growth
 rates rather than different levels. In our model,
 fast and slow growth are possible starting from
 any initial condition. Like Richard Startz
 (1994), we adopt this two-state approach be-
 cause of empirical work showing that a two-
 state model with a high-growth and a
 low-growth state gives a reasonably good de-
 scription of the variation in U.S. economic
 growth (James D. Hamilton, 1989). Jean
 Pierre Drugeon and Bertrand Wigniolle
 (1996) have also developed a model of en-
 dogenous growth with Markovian fluctuations
 in growth rates, but they, like Startz, rely on
 the assumption of large, positive technological
 externalities that increasingly seem to be em-
 pirically implausible.

 IV. Conclusions

 The most difficult challenge for macro-
 economists is to identify plausible mecha-
 nisms that produce large, coordinated
 aggregate fluctuations. A related, but easier,
 challenge is to find mechanisms that generate
 persistence in economic downturns. Our
 model of growth cycles, based on complemen-
 tarities and monopolistic competition, does
 both.

 As we emphasize in the previous section,
 our analysis builds on a variety of theoretical

 7 For recent work in this area, see Christophe
 Chamley (1993), Benhabib and Farmer (1994),
 Benhabib and Roberto Perli (1994), Benhabib et al.
 (1994), Farmer and Jang Ting Guo (1994), Galif

 (1994), and Danyang Xie (1994). For general dis-

 cussions, see Timothy Kehoe et al. (1992), Benhabib

 and Aldo Rustichini (1994), and Benhabib and Gali
 (1995). The economic assumptions required for local

 indeterminacy are sometimes controversial. For ex-
 ample, Benhabib and Farmer (1994) and Farmer and
 Guo (1994) require increasing marginal returns to la-
 bor. (See Stephanie Schmitt-Groh6, 1997, for a dis-
 cussion of the assumptions required in various
 models.) In other cases the fit with the data is poor in

 dimensions we regard as crucial. For example, Gali
 ( 1994) obtains expectational indeterminacy only

 when the procyclicality of the investment share is
 weak.

 8 These can arise, for example, because of threshold
 effects as in Azariadis and Allan D)razen (1990), or be-
 cause of various kinds of increasing returns. Again, see
 the discussion in Matsuyama (1995). Gali (1995) pre-
 sents an example in which multiple steady states arise be-
 cause of an inverse relationship between markups and the
 aggregate capital stock.
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 results about multiple equilibria and expecta-
 tions. Our aim is to show that these phenom-
 ena can arise in a plausible model that makes
 sensible predictions. The model suggests that
 when firms make investment decisions, they
 pay careful attention to expectations about fu-
 ture economic activity and understand that the
 expectations of other firms will determine
 what takes place. Announcements about mon-
 etary policy are one example of a variable that
 could coordinate the expectations that differ-
 ent firms form, but there are many candidate
 variables that can play this role.

 To summarize the contribution that our pa-
 per makes relative to the existing literature, it
 is useful to separate the formal differences in
 our modeling strategy from the substantive
 differences in our economic assumptions. At a
 formal level, our model generates persistent
 growth rather than convergence to a steady
 state. The underlying growth model exhibits a
 finite number of distinct equilibria, whereas
 many other models rely on a continuum of
 equilibria. We focus not on indeterminacy per
 se, but rather on a pattern of stochastic
 switches between fast and slow growth. We
 explicitly show that our candidate equilibrium
 survives even when we introduce learning. We
 avoid increasing marginal productivity of in-
 puts (or falling marginal cost of output). We
 do not allow for external effects.

 The crucial economic assumptions in our
 growth model are selected because of their
 plausibility: fixed start-up costs, ex post mo-
 nopoly profits, and complementarities be-
 tween types of capital goods. These elements
 yield a model of economic fluctuations driven
 by self-fulfilling shifts in expectations about
 the returns to investment. Expectations also
 enter in a way that we find plausible: the
 strength of business confidence depends on
 short- and medium-term forecasts of the rate
 at which future sales and profits are expected
 to expand in the entire economy.

 The kind of theoretical exercise under-
 taken here cannot prove anything about
 the quantitative importance of complemen-
 tarity or market power. However, it can
 show that these effects can generate self-
 reinforcing pressures. It can also show that
 nothing in standard economic theory rules
 out the possibility that these pressures are

 large enough to generate booms and busts.
 Once this theoretical point is clear, econo-
 mists may be encouraged to look at the data
 from a slightly different perspective. When
 they do, they may find that there is some
 basis for the old conjecture that "animal
 spirits" can lead to fluctuations in aggre-
 gate investment.

 APPENDIX

 A. Perfect-Foresight Equilibria

 We will derive the general expression for
 the no-arbitrage condition depicted in Fig-
 ure 3. The monotonically increasing version
 depicted in Figure 2 emerges as a special
 case.

 Final goods producers are price takers in the
 market for capital goods. In equilibrium they
 equate the rental rate with the marginal prod-
 uct of capital

 (Al) R,(j) =
 OX,(J)

 rAt +

 = L 1 -a xt Jx(i) di

 X oyx,(j) "- I

 The firms that supply capital goods act as mo-
 nopolistic competitors. Formally, they purchase
 general-purpose capital Z and convert it into
 specialized types of capital goods at the rate of
 one unit of general-purpose capital for one unit
 of specialized differentiated capital. Our timing
 convention implies that production is realized
 at the end of a period. At the end of period t, a
 capital-goods supplier will earn revenue
 R,(j)x,(j). In the beginning of period t, it takes
 xt(j) units of Z to produce the xt(j) units of
 capital of type j that this firm owns and rents
 out. The rental cost on these units of Z is

 rtxt(j)pt, where pz is the price in units of con-
 sumption of one unit of Z. A fraction d of the
 capital goods depreciates in period t, so the to-
 tal cost to the capital-goods supplier in period
 t is (rt + d)xt(j)pz. This firm selects its output
 to maximize profits, taking as given the inverse
 demand curve for the rental price in equation
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 (Al ) and the price pZ. This leads to the mark-
 up rule

 (A2) Rt(j) = (rt + d)pz/y R(rt pz).
 Since this holds for each intermediate good

 j, we have by symmetry, that the provision of
 intermediate goods is at the same level for all
 types j and we denote their common value at
 time t by xt(j) = xt. It follows that aggregate
 output at time t is given by

 (A3) Yt = La-'(x4At)',

 where

 /( -a)/1 a (A4) x, - LA(4 1)/(1 - l) 1

 with Rt given by (A2). Profits (at the end of
 period t) for each type of intermediate good
 are given by

 (A5) -7rt = Rtxt,-(rt + d)p,zxt

 = (1 - y)Rtxt

 = 1)/(O -a) z)a/(a-

 where Q = OUl/( -a)(1 _ -), ( +a)/( 1.
 To produce a particular type of interme-

 diate good j, a firm must first incur the cost
 of inventing and designing this good. Recall
 that the cost of a new invention for good j is
 jX units of investment goods Z where ( > 0.
 Because the firms are monopolistic compet-
 itors, at each time t the quantity of designs
 is determined by a zero profit condition
 which states that the fixed cost of the last
 design created at time t must be just equal to
 the present discounted value of the stream of
 monopoly rents it offers. In a perfect-
 foresight equilibrium with balanced growth,
 the interest rate is constant and the required
 zero profit condition for the marginal good
 invented at time t (which will have an index

 j = At) is given by

 00

 p,zA,= E 7rt+,(1 + r)-(s+ 1)
 s =o

 This expression for discounted profits re-
 flects our assumption that the cost of in-
 venting a good is incurred at the start of
 period t but the first profit is not realized
 until the end of the period. Under balanced

 growth, the rate of growth of designs A, + 1 /
 At = gA will be constant. Substituting (A5)
 into this sum gives

 pZAt = A(4- 1)/(1 -a)Q((r + d)pz) -a/(I -a)

 00

 X (g$)S(l + r)(s? 1)+
 s = o

 Because we assume that ( = (4- 1)/(1-
 a), we can cancel AX and sum the series to
 obtain the zero profit condition

 (A6) gA= 1 + r

 - Q(pZ) -1/(1 -a)(r + d)-(`/( -a)

 Gross investment is equal to the net increase
 in Z minus a correction for the depreciation of

 physical capital goods. Let q represent the
 fraction of Z that is allocated to physical cap-

 ital goods. We derive an expression for q be-
 low. Production of general-purpose capital Z
 takes place in a competitive sector, so that the
 price of capital goods in termns of consumption
 is

 pZ t= _ dCt = X (7' + 1 - I + ,)

 [Recall that the function X( ) specified in ( 10)
 gives the trade-off between consumption and
 Z.]

 At any date t, the following relationship
 must hold between Z, x, and A:

 rAt A 1+4
 (A7) Zt=xtAt + i di=xtAt + t

 Along a balanced growth path, the output-
 capital ratio Y/Z, the growth rate of capital,
 the interest rate, and pZ are constant. Using
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 (A4) to substitute for xt, one obtains an ex-

 pression for Z, in terms of A,:

 (A8) Zt =A` l t(1+(

 F - 1/(a- 1)
 + L}

 - +t p(Rt).

 Note that we have defined [t(R) as a shorthand
 expression for the term in braces in (A8).
 Since rt = Atxt/Zt, it follows from (A7) and
 (A8) that

 q(Rt) = 1 - (R)

 Thus we can express the price of general-
 purpose capital as

 (A9) pZ = X'(gz - 1 + dr(R(r, pz)))e

 Finally, from the above expression (A8) for
 Zt it follows that gZ = g l+. Substituting in
 the expression (A6) for gA and using ( =
 (4 -1)/(1 - a) we have

 (AIO) gz= [I + r- Q(pz) -1/(1 -a

 X< (r + d)- a/(I - a)] (0-a)/(O- 1)

 Together, equations (A9) and (A10) give an
 implicit definition of the locus of pairs (g, r)
 that are consistent with the zero profit condi-
 tion. In the special case where X is the identity,
 pZ is a constant that can be taken to be equal
 to 1 and equation (AlO) alone determines this
 locus. These loci are the "technology" curves
 in Figures 2 and 3.

 To complete the analysis of the perfect-
 foresight equilibrium, it remains to verify
 that consumption and the stock of Z grow
 at the same rate. Note first that if we sub-
 stitute (A4) into (A3), this generates an ex-
 pression for Yt in terms of At. Using the
 expression for Z in terms of A from equation
 (A8), it follows that the ratio of output to
 total capital is constant along a balanced
 growth path:

 (All) z _ [ A l (1 + +) + o

 X (Rt).

 Next, we solve for the optimal pattern of
 consumption by the method of undetermined
 coefficients. We guess that consumption takes
 the form Ct = OZt and solve for 0. From ( 1)
 we obtain

 (A12) gz = [0f(1 + r)] 10 .

 Finally, we note that we can use equation (10)
 to conclude that

 (A13) 0(r,pz)

 X(R(r,pz))

 -X{ [LQ(1 + r)]1I/a

 -1 + dr(R(r,pz))}.

 It remains for us to specify the parameters
 we used in the calculation of our numerical
 example and the precise form we selected for
 the function X. In the calculation of the two
 stable perfect-foresight equilibria, we used the
 following parameter values: a = 0.4, Q =
 .015, 4 = 4, d = 0.15, p = .962, u = 0.21,
 L = 0.356244889.

 A continuous, piecewise linear form X un-
 derlying the X function was constructed as fol-
 lows: X(0) = 0, X'(y) = Po for y < Yil
 X'(y) = Pi fory, Yl Y 5 Y2, and '(Y) = P2
 fory > Y2. The smoothed function sets X(Y) =
 k(y) for y ! Yy - 61, Yi + 61 < Y Y2 62,
 and y > Y2 + 62. In the interval (yI 6 16, YI +
 61 ] X(Y) is the quadratic which satisfies X(Yi -
 6 ) = X-(Yi- 6), X' (Yi - 6) = (Y I- ).
 Similarly, in the interval (Y2 -62, Y2 + 62]
 X(Y) is another quadratic satisfying X(Y2 -
 62) = X(Y2 62), X'(Y2 - 62) = '(Y2 - 62).
 For the numerical example we selected the

 values Po 0.555406, pi = 1.46523, P2 =
 5.06686, Yi = 0.0199733, Y2 = 0.0535351, 61 =
 0.001, 62 = 0.0005.
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 At these parameter values nonnegativity of
 consumption is satisfied. We must also verify
 that discounted utility is finite along all feasi-
 ble growth paths and that the transversality
 condition at infinity is satisfied for the con-
 sumer. To establish both of these results, it is
 sufficient to show that the maximum feasible
 rate of growth satisfies gl 7 < 11/3. To do
 this, we impose an additional constraint on the
 function X which limits the maximum feasible
 rate of growth of Z. Specifically, we assume

 that X' (y) goes to infinity for values of y above
 a threshold Ymax . In our numerical example, the
 high growth rate for Z satisfies the inequality

 gz < 1 + r = 63 -Ig, so we know that we can
 pick a value of Ymax that is strictly larger than
 the value of y that obtains in the high-growth
 state. It follows that the imposition of this up-
 per bound will not change the values of the
 perfect-foresight equilibria that we have
 calculated without imposing this bound.

 B. Equilibria with Expectational
 Indeterminacy

 Once we introduce the random variable s,
 both households and firms face uncertainty
 about the state of the world in the subsequent
 period. We must therefore introduce state-
 contingent prices for output. Let q (s, St + 1)
 denote the price at the end of time t of one unit
 of output available at the beginning of period

 t + 1, contingent on the realization of st + I.
 Thus q (se, s, +1) prices only the uncertainty
 associated with the realization of st + I. For-
 mally, we assume that no clock time elapses
 during this interval. The pricing of goods over
 time is associated with a state-contingent in-

 terest rate r(s,) which denotes the sure net one-
 period interest rate on consumption good loans
 over the interval extending from the beginning
 of period t to the end of period t. Thus the q' s
 price only the uncertainty and r's price only
 the time lag. Since one unit of output in state
 s, at the end of period t necessarily is one unit
 of output in either state one or two at the be-
 ginning of period t + 1, we have the basic
 arbitrage formulae

 (A14) q(i, 1) + q(i, 2) = 1

 for i = 1, 2.

 We need to restate all of the equations for
 the consumer and firms in terms thalt allow
 for the uncertainty associated with s. We be-
 gin with the arbitrage relationship for firms.
 The problem for the producer of the final
 good continues to be a static, one-period

 problem, so we can write Rt(j) = &YI&x,(j)
 just as we did before. This producer considers

 only the rental cost R, of the specialized cap-
 ital goods that it uses. In contrast, the firms
 that produce, own, and rent out these spe-
 cialized capital goods now must worry about
 capital gains or losses on their goods that may
 be induced by changes in the price of general
 purpose capital, p Z. When the economy
 switches to a slow-growth equilibrium, the
 rate of investment falls. This makes the cost
 of new capital goods fall, which makes the
 value of all existing capital goods fall. We
 can price the uncertainty facing the producer
 of a specialized type of capital using q (s,
 st + ? ) and the price pZ. End-of-period profits
 for the firm supplying the specialized inter-
 mediate capital good j are

 [Rt(j) (st)xt(j)

 + (1 - d)pz(1)x,(j)]q(st, 1)

 + [Rt(j)(st)xt(j)

 + (1 - d)pz(2)x,(j)]q(st, 2)

 - (1 + r(st))pz(st)xt(I).

 It is convenient to introduce the notation

 (A15) Az(st) = pz(1)q(st, 1)

 + pz(2)q(st, 2)

 for st = 1, 2

 for the "expected" price of capital. Maximiz-
 ing profits then leads to the equation

 (A16) R(st) = y-1[(1 + r(st))pz(st)

 - (1 - d) AZ(St)]

 for st = 1, 2.
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 As before, R,(j) = R, and x,(j) = x, turn out
 not to depend on j and (A4) becomes x,(s,)
 -LA(O- 1)/(l -a)[R (s) /y] -I/(I -a) t Rt(st tJ J
 End-of-period profits irt are given by

 r(st, At)

 = a- l)l( - )r(R (St), p (St), r(st), pZ (st)),

 where

 r(R, Az, r,pz)

 [1 R \ a/(a- 1) / R 1/(a- 1)

 L\Opy /

 X[(1 - d Az-(I+r)pz]]

 The decisions to introduce designs are also
 dynamic and made under uncertainty. It is
 most convenient to approach the problem in
 terms of asset pricing. Let P(st, A,) denote the
 price of one unit of designs in period t contin-
 gent on the state st and the aggregate quantity
 of designs At. After they have been introduced,
 all designs are equivalent, so we can use a sin-
 gle price for all of them. Since each unit of
 design capital yields current profits ir(st, At),
 we have the arbitrage (or zero profit)
 condition

 P(s, A,)

 q q(st, 1I
 (7r(st, A,) + P( 1, At+ I))

 I + r (St)

 + q(st, 2) (7r(st, At) + P(2, A,t+))
 I + r(st)

 At every date, the price of a unit of design
 capital is determined by the cost of producing
 the last design,

 P(st, A,) A Alpz(s).

 Writing gA(St, st+I) = A, + I (s, + I )lA,(s,) for
 the rate of growth of design capital and com-
 bining the above equations we obtain the
 equations:

 (A17) pZ(i)

 = (1t + r(i)<1

 x [F(R(i), pz(i), r(i), pz(i))1

 + (1 + r(i))-

 X [q(i, 1 )pz( 1)gA(i, 1 )(

 + q(i, 2)pz(2)gA(i, 2)1]

 for i = 1, 2.
 We look for a solution in which 0 and gz are

 functions of the current state i of s,. The ratio
 of total investment to investment in designs is
 given by

 (1 + ()(Zt/A'I+)(s,) = (1 + ()tu(R(s,)),

 where A, is defined by (A8). From the preced-
 ing equation the four possible growth rates
 A, I /A, = gA(st, s,+I) are related to capital
 growth by

 (A18) gA(i, j) gz(i) A I

 fori,j = 1,2.

 Turning to the household, there are now Eu-
 ler equations for the two state-contingent as-
 sets which pay one unit of consumption at t +
 1 in a specified state. For expected state-
 contingent interest rates re(s, + 1) these first-
 order equations are

 q sst+I(St,Se)L t (St + I )la

 - f3fl(st, st + 1)( 1 + re(st +?))

 Here nI(s s,t + I ) is the transition probability
 from state st to st + I. We will also use the
 notation FIj = l(i, j), i,j = 1, 2. The op-
 timal solution for the household allows its
 consumption to capital ratio to depend on the
 state st:

 (Ct/Zt)(st) =0(st)
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 Combining these last two equations yields

 (A19) ,L30ij(I + re(j))

 q (i,j) 0(i)
 for i,j= 12.

 Additional restrictions on the values of 0(i)
 come from the product transformation function
 (10) which holds state by state. Thus we have a
 state-contingent version of equation (A13):

 (A20) 0(i) = X(R(i))

 - X[gz(i) - 1 + dq(R(i))]

 for i = 1, 2.

 Finally, we have the state-contingent version
 of the capital price equation (A9)

 (A21) 1Z(i) = x'(gz(i) - 1 + dr1(R(i)))

 for i = 1, 2,

 and the rational expectations condition

 (A22) r(i) = re(i) for i = 1, 2.

 The equations (A14)-(A22) form a sys-
 tem of 22 nonlinear equations in the 22 un-
 knowns r(i), re(i), R(i), q(i, j), 0(i), pZ(i),
 p1Z (ji) gA( i, j), and gz(i). These characterize
 an equilibrium with expectational indetermi-
 nacy. Omitting (A22), these equations implic-
 itly determine the mapping (r(1), r(2)) =
 T(re (1), re(2)) described in the main text.

 C. Existence and Stability of Growth Cycles

 For notational convenience write r, = r(i)
 and ri = re(i) for i = 1, 2. We now sketch
 the proof of the proposition given in the text
 and show that generically there exist growth
 cycles for probabilities in a neighborhood of
 the identity matrix when there are distinct
 perfect-foresight, balanced growth paths. Let
 rL, rH denote the interest rates for two distinct
 balanced growth paths. By assumption rL *
 rH. Define a new function

 - ((r1, r2), (lI, 1122)) -(r1, r2),

 where we have made the dependence of the

 map T( ) on the probabilities 1ll, H22 ex-
 plicit. If we introduce vector notation r =

 (r1, r2) and HI = (1,,, n22 ), we can write
 the key condition of the implicit function
 theorem as the requirement that the matrix
 DrW, evaluated at that pair of steady states,
 is nonsingular.

 By inspecting equations (A14), (A15),
 (A16), (A17), (A18), (A19), (A20), and
 (A21), it is seen that for the first component
 of W we have

 (A23) WI((rl r2), ( 1, 1122)) = T(r1) -)ri

 for Vr1, r2, 122,

 where T( r) is given by equation (8). To show
 this we first note that H,1 = 1 implies
 q ( 1, 1 ) = 1. Substituting q ( 1, 1) = 1 into the
 relevant members of equations (Al 9) yields
 the preference curve (A12). Second, inserting
 q(l, 1) = 1 and q(1, 2) = 0 into (A15),
 (A16), and (A17), and taking into account
 (A18), we obtain the technology curve
 (AIO). Finally, it is easily seen that (A21),
 (A15), and (A16) yield (A9). A similar ar-
 gument can also be made that W2((rl, r2),
 (lI,1, 1)) = T(r2) - r2when 1122 = l.

 From the above one can compute

 (A24) DrW((rL, rH), (1, 1))

 {T'(rL) - I 0

 0 T'(rH)-I

 at (rL, rH). Thus, growth cycles exist in a
 neighborhood of (rL, rH) provided T'(rL) * 1
 and T'(rH) * 1.

 Next, we consider the stability of an equi-
 librium under adaptive learning. Evans and
 Honkapohja (1994) show that the dynamics
 defined by (13) are locally stable-i.e., the
 trajectories starting from any point in a
 neighborhood of the equilibrium converge
 almost surely to the equilibrium-whenever
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 a condition known as E-stability is satisfied.9
 For E-stability it is required that the eigen-
 values of DrT, evaluated at an equilibrium
 growth cycle, have real parts less than one.
 By continuity of eigenvalues and (A24), this
 condition is met in a neighborhood of (rL,
 rH) provided T'(rL) < 1 and T'(rH) < 1.
 This proves Proposition 1.
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